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1. Is there an L? cuspform with compact support?

2. Resolve the following seeming paradox about unwinding. Let 4 < 2k, let P, be the level-one, weight-2k,
holomorphic Poincaré series for n > 1. These are cuspforms. Let Fo be the level-one, weight-2k holomorphic
Eisenstein series. Evaluate the integral of Esy, against P, (with measure 32* times the invariant measure two
ways: one, by unwinding the Eisenstein series, obtaining a constant multiple of the 0! Fourier coefficient of
P, therefore 0. On the other hand, unwind P,, to obtain a constant multiple of the n'* Fourier coefficient
of FEoi. Thus, apparently, the Eisenstein series is a constant.

3. Let A be a commutative ring of compact self-adjoint operators on a Hilbert space V. Suppose A satisfies
the non-degeneracy condition that, for every 0 # v € V|, there is T € A such that Tv # 0. Show A has an
orthogonal basis of simultaneous eigenvectors for A.

4. Show that the symmetric operator % o i-L +i-L 023 on C2°(R) has no self-adjoint extensions.

5. Show that T = % with domain C2°(0,27) has a continuum of mutually incomparable extensions to

densely defined self-adjoint operators on L?|0, 27].

6. Observe that the seemingly elliptic operator 4° has non-smooth eigenvectors sin

dxz?
boundary conditions u(0) = 0 = u(2w).

nx

5, when there are

7. Compare the eigenfunctions sin%* (1 < n € Z) and the eigenfunctions 1,sinnz,cosz (1 < n € Z).
In particular, observe that there are infinitely-many non-zero coefficients of sin § in the other basis. And
vice-versa with cosx.

8. Determine the truncated Eisenstein series A®E, which are the exotic eigenfunctions of the Lax-Phillips
pseudo-Laplacian at height a.

9. Let I' be a discrete subgroup of a topological group G, that is, every element of I' has a neighborhood
containing no other element of I'. Show that I' is a closed subset of G.

10. Let T be a discrete subgroup of a topological group G. Show that every F € C2(T'\G) is of the form
F(g) = . er /(7 g) for some f € C2(G).

11. (Gelfand) Let G be a unimodular topological group, with compact subgroup K, and an involutive
anti-automorphism o such that K7 = K, and (KgK)° = KgK for all g. Show that the convolution algebra
C°(K\G/K) is commutative.

12, Verify that (for SLy(Z)) Es(i) = (giy(s)/¢(2s).
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13. (Landau) Show that Z(s) = ((2s—1)((2s) has an Euler product, functional equation, but has no zeros
on the critical line.

14. Find the residue of Z(s) = 37 ezn ‘U% at s = 1.

15. Classify (topologically) closed subgroups of R™.

16. Show that %| log x| is the principal value integral against 1/z.

17. Show that Z1 =74

18. Compute the eigenvalue of Casimir on an unramified principal series for GL,, (R).

19. Use the intrinsic characterization of Casimir to derive an expression in coordinates on §.p

20. Granting the eristence of an invariant Laplacian/Casimir, use the right K-action invariance and left
P-action invariance to easily infer an expression for the Laplacian in coordinates on $).

21. Show that unramified Hecke characters are of the form

y={p} — NyI" [ lwoli”

v<o0

with (unique) s € C and every t; € R.

22. Show that A/k is compact by observing that it is a limit of compact groups ke./a as a ranges over
larger and larger ideas of the integers o of k.

23. (case of Fujisaki’s Lemma) Use the compactness of A/k to prove the compactness of J!/k*.

24. Observe that the compactness of J'/k* implies both the generalized Dirichlet units theorem, and the
finiteness of generalized class numbers.




